Abstract. We consider holomorphic deformations of Fuchsian systems parameterized by the pole loci. It is well known that, in the case when the residue matrices are non-resonant, such a deformation is isomonodromic if and only if the residue matrices satisfy the Schlesinger system with respect to the parameter. Without the non-resonance condition this result fails: there exist non-Schlesinger isomonodromic deformations. In the present article we introduce the class of the so-called isoprincipal deformations of Fuchsian systems. Every isoprincipal deformation is also an isomonodromic one. In general, the class of the isomonodromic deformations is much richer than the class of the isoprincipal deformations, but in the non-resonant case these classes coincide. We prove that a deformation is isoprincipal if and only if the residue matrices satisfy the Schlesinger system. This theorem holds in the general case, without any assumptions on the spectra of the residue matrices of the deformation. An explicit example illustrating isomonodromic deformations, which are neither isoprincipal nor meromorphic with respect to the parameter, is also given.
NOTATION
C stands for the complex plane. CP 1 stands for the extended complex plane (¼ the Riemann sphere):
C n stands for the n-dimensional complex space. In the coordinate notation, a point t 2 C n will be written as t ¼ ðt 1 ; . . . ; t n Þ: C n * is the set of points t 2 C n ; whose coordinates t 1 ; . . . ; t n are pairwise different:
for the set of all k Â k matrices with complex entries.
½Á; Á denotes the commutator: for A; B 2 M k ; ½A; B ¼ AB À BA.
I stands for the identity matrix of an appropriate dimension.
Introduction
The systematic study of linear differential equations in the complex plane with coefficients dependent on parameters has been started by Lazarus . L. Schlesinger's research was closely related to the Hilbert 21st problem (a.k.a. the RiemannYHilbert monodromy problem), which requires to construct a Fuchsian system with prescribed monodromy (for the explanation of terminology see Section 1 of the present article). In the paper [35] , which appeared exactly 100 years ago Y in 1905, L. Schlesinger proposed the idea that it would be very fruitful to study the deformations of Fuchsian systems
ð0:1Þ
where the residues Q j depend holomorphically on the pole loci t ¼ ðt 1 ; . . . ; t n Þ, and investigate the dependence of the solution Y on t, as well as on x. Emphasizing this idea, L. Schlesinger explained that he was guided by the analogy with the theory of algebraic functions, where he had studied algebraic functions as functions of both the Fmain variable_ and the loci of ramification points considered as parameters (see [34, pp. 287Y288] ).
Also in the paper [35] , the system of PDEs @Q j @t k ¼ ½Q j ; Q k t j À t k ; 1 r j; k r n; k 6 ¼ j;
@Q j @t j ¼ À P 1 r k r n k6 ¼j Q j ; Q k Â Ã t j À t k ; 1 r j r n; ð0:2Þ
